Evidence from investigations of genetic differences among humans shows that genetic diseases are sometimes the result of genetic mutations that occur in more than one percent of a population (variations). The most common of these variations are single nucleotide polymorphisms (SNPs). A complete map of all SNPs in the human genome will be extremely valuable for studying specific haplotypes with specific genetic diseases. Distinguishing the information contained in both haplotypes when analyzing chromosome sequences poses several new computational issues which collectively form a new merging topic of Computational Biology known as Haplotyping. The recent discovery 6 3 8 4 that genomic DNA can be partitioned into long blocks where genetic recombination has been rare had led to more meaningful mathematical research, which has compounded computational problems. We are interested in the algorithmic implications based on observing the long blocks of DNA that have not undergone recombination to infer haplotypes in populations. This assumption justifies a model of haplotype evolutionthe haplotypes in a population are assumed to evolve along a coalescent, based on the standard population-genetic assumption of infinite sites, which as a rooted tree is a perfect phylogeny. The Perfect Phylogeny Haplotyping (PPH) problem, introduced by Gusfield 5 , is "given n (number of) genotypes, does a set of at most 2n haplotypes such that each genotype is generated by a pair of haplotypes from this set exist, and such that this set can be derived on a perfect phylogeny?". Gusfield established a O(nm 2 )-time algorithm 2 that determines whether there is a PPH solution for input genotypes, and produces a linear-space data structure to represent all the solutions. He also conjectured that it is possible to solve the PPH problem in linear time 2 . In this paper, we will solve the conjecture of Gusfield and introduce a linear-time algorithm for PPH problem. We prove that a haplotype matrix that has a perfect phylogeny induces isomorphic posets by either taking rows or columns as the vertex set. Moreover, a genotype poset induced from a genotype matrix is a super poset of the haplotype poset induced from the feasible expansion of the genotype poset. After studying the hasse diagrams of genotype posets, we develop a new graph model and design a linear-time (O(nm)) algorithm to solve the Perfect Phylogeny Haplotyping problem. We believe our model can be further applied to solve other PPH-related problems, such as Pure Parsimony problem.
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Introduction
A draft and complete map of human DNA sequence was finished in 2001 1 9 . After that, one of the main topics in Genomic research is to determine the relevance of all the mutations in human population, since evidence from investigation of genetic differences among humans shows that genetic diseases are sometimes the result of genetic mutations.
Single nucleotide polymorphisms (SNPs) are the most frequent forms of human genetic variations, which are biologically defined as positions in a chromosome where each one of two (or four) specific nucleotides is observed in at least one percents of the population 7 . In diploid organism, such as human, each chromosome is made of two distinct copies. Each copy is called a haplotype, while the data from the mixture of two copies is called a genotype. A complete SNP haplotype map that consists of the information of haplotype block structure, common haplotypes and their frequencies, hopefully, could be used to correlate with common diseases in gene mapping. A research group in NIH already began a three-year project to finalize the full Haplotype Map of human genome.
To construct a haplotype map, the possible SNP combinations that happen frequently in a population are required. Hence it is necessary to analyze data derived by a large scale SNPs screening of single haplotypes. However, experimentally determining the haplotype pair is still technically difficult or expensive currently. It leads to more meaningful mathematical research, which has compounded computational problems. Recent discoveries 6 3 8 4 show that genomic DNA can be partitioned into long blocks where genetic recombination has been rare. It means, biologically, no exponential number of results exist for a given genotype data input.
The Perfect Phylogeny Haplotyping (PPH) problem, introduced by D.
Gusfield in 2002
5 , is based on the population-genetic concept of a coalescent, i.e., a rooted tree that describes the evolutionary history of a set of haplotypes in sampled individuals. Gusfield introduced several solutions for the PPH problem. In his recent paper 5 , he established a simple, easy to program, O(nm 2 )-time algorithm that determines whether there is a PPH solution for the input genotypes, and produces a linear-space data structure to represent all the solutions. He also conjectured 2 that it is possible to solve the PPH problem in linear time.
In this paper, we will solve the conjecture of Gusfield and introduce a linear-time algorithm for the PPH problem. We prove a haplotype matrix that has a perfect phylogeny may induces isomorphic posets by either taking rows or columns as vertex set. Moreover, a genotype poset induced from a genotype matrix is a super poset of the haplotype poset induced from the feasible expansion of the genotype poset. If a genotype poset is constructed by a realizable genotype matrix, the transversal of each of its subposet induced by the support of a row of the genotype matrix should be of order less than 3. We also prove another sufficient and necessary condition for realizable genotype matrix and show the structure of its hasse diagram by the theorem. In our main algorithm, the legal expansion can be constructed by a few reduction steps, such as simplifying and edge-coloring the hasse diagram of the genotype poset. Since the number of edges (arcs) of the hasse diagram is up to 2nm, both the time and space complexities of our algorithm are linear (O(nm)-time and O(m)-space). 
HI problem and PPH problem
Note that, the number of M H could be as large as
, where h i is the number of polymorphic sites in species s i . As we mentioned before, the biological discoveries show no exponential results in the real world. We only need to find the haplotype matrix (matrices) expanded from M G with most biological significance. Biologically, each edge labelled c j indicates the point when a mutation at the j-th site occurred, and the j-th site is changed from its ancestral value to the opposite value. Problem 1.1. (Perfect Phylogeny Haplotype(PPH) problem) Given a genotype matrix, find a legal expansion or decide that it is not realizable. and
Mathematical Definitions
y i = |{µ : M [µ][i] = 2}|. Then x i y i ≥ x j y j if x i > x j or, x i = x j and y i ≥ y j . Definition 2.2. (Column-Descending Structure) Let M be an (n×m)-{0, 1, 2}-matrix. M is in column-descending structure if x i y i ≥ x j y j whenever i ≤ j, for all i, j ∈ {1, · · · , m}.
Perfect Phylogeny for Haplotype Posets
For the sake of convenience, in this section, for every haplotype matrix M H , no column is repeated. In this paper, we mostly use P H col in our theorems and algorithms. So, if we mention haplotype matrix after, that means P H col .
Genotype Matrix and its Poset
In this section, we assume that any genotype matrix M G has no any repeated columns or rows.
M
• Algorithm: By the Lemma 4.1, processing the hasse diagram of a genotype poset only requires O(nm)-time complexity. Since we also need to build a column-descending structure by sorting, the complexity of our algorithm is O(nm + nlog(n)). By Lemma 4.2, our algorithm is of linear (O(nm)) time complexity.
Conclusion
In this paper, we use poset to describe the perfect phylogeny model. We construct a graph model such that its subgraph induced by the support of each row of the genotype matrix is a directed tree with at most two leaves. After simplifying and edge-coloring the hasse diagram of the genotype poset, we can easily build a legal expansion if it exists. We use the correlation between the genotype matrix and the hasse diagram of its poset to avoid some unnecessary calculations and design a linear algorithm.
There are many PPH-related problems, such as Pure Parsimony problem. We believe our new model can be applied to solve those problems more efficiently. This paper is an extended abstract. We skip some lemmas, provements and algorithms.
